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Abstract: The Human Development Index (HDI) is an important indicator used to measure human development achievements 

in terms of health, education, and standard of living. Disparities in HDI values across districts/cities in Central Java Province 

indicate the presence of spatial dependence, thus requiring an analytical approach that can accommodate spatial structure. 

This study aims to model HDI categories using a spatial Bayesian multinomial logistic regression (MLR) with an intrinsic 

conditional autoregressive (ICAR) prior. Spatial autocorrelation is tested using Moran’s Index, while parameter estimation is 

conducted using the markov chain monte carlo (MCMC) method with the no-u-turn sampler (NUTS) algorithm. The model is 

evaluated using smoothed importance sampling leave-one-out cross-validation (PSIS-LOO). The results show the presence of 

positive spatial autocorrelation in the HDI distribution and spatial effect variation across regions, reflecting geographical 

relationships. Most predictor variables do not show significant effects as their 95% credible intervals still include zero; 

however, the direction of the coefficients indicates relationships between socio-economic factors and HDI categories. The 

spatial Bayesian MLR ICAR model is able to capture spatial dependence in the HDI data and demonstrates stable predictive 

performance. These findings provide important insights into understanding human development patterns and can serve as a 

basis for more targeted development policy formulation. 
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1. INTRODUCTION  

Indonesia’s well-being is measured in terms of human development. Human development emphasizes 

efforts to expand people’s life choices so that they can lead healthy, knowledgeable lives with a decent standard 

of living [1]. To measure development success, the United Nations Development Programme (UNDP) introduced 

the Human Development Index (HDI) as a composite indicator that reflects a country’s average achievements 

across the three fundamental dimensions of human development: a long and healthy life, knowledge, and a decent 

standard of living. 

The HDI score shows significant variation across regions. One province that continues to face disparities 

in human development is Central Java. Central Java ranks first among the provinces on Java Island for having the 

lowest HDI score, at 73.88 in 2024 [2]. Of the 35 regencies and cities, four regions are classified as very high, 

three as medium, and the rest as high. This situation indicates disparities in human development across regions. 

These differences in HDI scores are influenced by various factors, such as health, education, infrastructure, and 

socioeconomic conditions, which tend to be interrelated among neighboring regions (spatial dependence) [3]. 

Therefore, a spatial analysis approach is needed to identify patterns of interdependence among neighboring regions 

so that development policies can be more targeted. 

The multinomial logistic regression (MLR) model is used to analyze the relationship between a 

categorical response variable and a number of predictor variables [4]. However, this model assumes that 

observations across regions are independent, whereas HDI data may contain spatial correlations. Ignoring spatial 

effects can lead to biased parameter estimates and reduce model accuracy [5]. To address this issue, a spatial 
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Bayesian approach with an Intrinsic Conditional Autoregressive (ICAR) prior is employed. This approach 

combines MLR with Bayesian inference to model spatial dependence through region-specific random effects 

influenced by neighboring regions [6]. Furthermore, the Bayesian framework can combine prior information with 

the likelihood to produce a posterior distribution that comprehensively describes the uncertainty of the estimates 

[7]. 

Previous research has shown that spatial Bayesian approaches can improve the accuracy of estimates for 

data with inter-regional correlations. Beltrán-Sánchez et al. [8] and Zhang et al. [9] demonstrated that 

incorporating a spatial component into Bayesian models yields more stable and accurate estimates compared to 

nonspatial models. However, the application of MLR models using a spatial Bayesian approach with an ICAR 

prior to model IPM categories at the district/city level remains limited, particularly in case studies in Indonesia. 

Based on this, this study aims to determine an MLR model for HDI data in Central Java Province using 

the ICAR spatial Bayesian approach. This study is expected to contribute to the application of the MLR model 

using the ICAR spatial Bayesian approach in the analysis of HDI data in Central Java Province. The resulting 

model is expected to serve as a basis for understanding the spatial patterns of the HDI and the factors influencing 

them, thereby informing the formulation of more targeted and data-driven development policies. 

 

 

2. METHOD  

This study is an applied research that implements a MLR model with a spatial Bayesian ICAR approach 

on HDI data in Central Java Province. The methods used in this study include bibliometric visualization using 

VOSviewer software, MLR modeling, Bayesian approach, and parameter estimation. In addition, multicollinearity 

testing, spatial autocorrelation testing, and model evaluation are also conducted. 

2.1 Visualization of Similarities Viewer (VosViewer) 

 In this study, the VOSviewer software was used to perform bibliometric analysis and visualize the 

development of research topics related to MLR and Bayesian spatial modeling [10]. VOSviewer is software 

designed to map and visualize the relationships between research topics based on co-occurrence extracted from 

Scopus metadata [11]. Using this tool, 53 documents sourced from journals over the past ten years were identified. 

The results of the bibliometric visualization of keyword co-occurrence are shown in Figure 1. 

Figure 1. VosViewer visualization with title and abstract 

As shown in Figure 1, the size of the circles indicates the frequency of keyword occurrence, while the 

connecting lines indicate the degree of association between keywords. The keywords “spatial analysis,” “Bayes’ 

theorem,” and “regression analysis” have high frequencies of occurrence and strong associations, indicating that 

research on spatial modeling and Bayesian approaches in regression analysis has grown in the literature. However, 

the development of MLR models using a spatial Bayesian approach with the ICAR prior remains limited. 
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2.2 Multinomial Logistic Regression (MLR) 

The MLR model is an extension of the binary logistic regression model used when the response variable 

has more than two nominal categories [4]. This model estimates the relative odds of a category relative to the 

reference category using the logit transformation [12]. Let 𝑌𝑖 be the response variable with 𝑚 categories and the 

mth category as the reference; the MLR model is written as 

𝑙𝑜𝑔 (
𝑃(𝑌𝑖=𝑗)

𝑃(𝑌𝑖=𝑚)
) = 𝛼𝑗 + ∑ 𝛽𝑗𝑘𝑥𝑖𝑘

𝑝
𝑘=1 ,      𝑗 = 1,2, … , 𝑚 − 1. (1) 

The probability of each category is expressed as 

𝑃(𝑌𝑖 = 𝑗) =
exp (𝛼𝑗 + ∑ 𝛽𝑗𝑘𝑥𝑖𝑘

𝑝
𝑘=1 )

1 + ∑ exp (𝛼𝑙 + ∑ 𝛽𝑙𝑘𝑥𝑖𝑘
𝑝
𝑘=1 )𝑚−1

𝑙=1

 

and for the reference category as 

𝑃(𝑌𝑖 = 𝑚) =
1

1 + ∑ exp(𝛼𝑙 + ∑ 𝛽𝑙𝑘𝑥𝑖𝑘
𝑝
𝑘=1 )𝑚−1

𝑙=1

. 

The coefficient 𝛽𝑗𝑘 indicates the change in the log odds of an observation falling into category 𝑗 compared to 

reference category 𝑚 due to a one-unit change in the 𝑘 predictor variable, assuming all other variables remain 

constant [13].  

2.3 Bayesian Methods 

The Bayesian method is used to estimate model parameters by combining the likelihood and the prior 

distribution via Bayes’ theorem, thereby yielding a posterior distribution [14]. A Bayesian model consists of three 

main components: the likelihood, the prior, and the posterior distribution. 

2.4.1 Likelihood 

The response variable in region 𝑖 is assumed to follow a categorical distribution with 

probabilities 𝑝𝑖1, 𝑝𝑖2, … , 𝑝𝑖𝑘 such that 𝑌𝑖  ~ 𝐶𝑎𝑡𝑒𝑔𝑜𝑟𝑖𝑐𝑎𝑙 (𝑝𝑖1, … , 𝑝𝑖𝑘). The likelihood function for 𝑛 

regions is expressed as 

𝐿(𝛽, 𝑢|𝑦) = ∏ ∏ 𝑝𝑖𝑘
𝑦𝑖𝑘

𝐾

𝑘=1

𝑛

𝑖=1

(2) 

where 𝑦𝑖𝑘 is the 𝑘 category indicator for the 𝑖 region [15]. 

2.4.2 Prior 

In this study, the regression parameters and the intercept are assumed to follow a normal 

distribution with a mean of zero and a variance of one, expressed as 

𝛽𝑗𝑘~𝑁(0,1), 𝛼𝑘~𝑁(0,1).   

The spatial random effect 𝑢𝑖 is expressed as 

𝑢𝑖~𝑁(0, 𝜎𝑢
2) (3) 

with the spatial standard deviation parameter following the distribution 𝜎𝑢 ~ 𝐻𝑎𝑙𝑓𝑁𝑜𝑟𝑚𝑎𝑙(1). The 

choice of prior aims to provide a weakly informative prior without dominating the information contained 

in the data [16]. In the Bayesian approach, the prior serves as an initial distribution that is updated by the 

data through the inference process to produce a posterior distribution of the parameter [17]. To ensure the 

validity of the parameters, a sum-to-zero constraint is applied to the spatial effects [18]. 

2.4.3 Posterior Distribution 

The posterior distribution of the parameter is obtained via Bayes’ theorem, which relates 

Equation (2) and Equation (3), and is thus expressed as 

𝑝(𝛼, 𝛽, 𝑢, 𝜎𝑢 |𝑦)  ∝  𝐿(𝑦 |𝛼, 𝛽, 𝑢) 𝑝(𝛼) 𝑝(𝛽) 𝑝(𝑢 | 𝜎𝑢 ) 𝑝(𝜎𝑢 )   (4) 

Since the posterior distribution does not have an analytically closed-form solution, parameter estimation 

is performed using an MCMC-based simulation method implemented in the PyMC software [19]. 

 

2.4 Markov Chain Monte Carlo (MCMC) 

The MCMC method is a stochastic simulation technique for estimating parameters in Bayesian analysis 

by generating samples from the posterior distribution through the construction of Markov chains This approach is 
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widely applied to various spatial statistical models to obtain efficient parameter estimates when the posterior 

distribution does not have a closed-form solution [20]. This method constructs a Markov chain whose stationary 

distribution matches the target distribution. One commonly used MCMC algorithm is the No-U-Turn Sampler 

(NUTS), which is an extension of Hamiltonian Monte Carlo (HMC) [21]. NUTS automatically determines the 

trajectory length during simulation, eliminating the need for manual specification of the number of steps. 

Model parameter estimation was performed using MCMC with the aid of Python software via the PyMC 

library. The simulation process was run until the Markov chain reached a state of convergence. Chain convergence 

was verified using the Gelman–Rubin statistic (𝑅̂) where a value of  𝑅̂ approaching 1 indicates that the Markov 

chain has converged. The resulting posterior samples 𝜃(1), 𝜃(2), … , 𝜃(𝑇) are used as an approximation of the 

posterior distribution of the parameters [22]. 

2.5 Spatial and Prior Intrinsic Conditional Autoregressive (ICAR)   

In spatial modeling, inter-area dependencies can be represented using a spatial random effect that follows 

an ICAR prior [23]. The ICAR model was first introduced by Besag and Mollié [7] to capture spatial 

autocorrelation based on the spatial neighborhood structure. The distribution of the spatial random effect 𝑢𝑗 in area 

𝑗 is expressed as 

𝐸(𝑢𝑗|𝑢−𝑗) =
1

𝑛𝑗

∑ 𝑢𝑘

𝑘∈𝑁(𝑗)

, 𝑉𝑎𝑟(𝑢𝑗|𝑢−𝑗) =
𝜎2

𝑛𝑗

(5) 

where 𝑁(𝑗) is the set of neighbors of region 𝑗 and 𝑛𝑗 is the number of neighbors [24]. The ICAR prior can be 

expressed in the form of a multivariate normal distribution as 

u ~ 𝑁(0, 𝜎𝑢
2𝑄−1) 

where the 𝑄 precision matrix is defined as 

𝑄 = 𝐷 − 𝑊. 
In this equation, the adjacency matrix 𝑊 = [𝑤𝑖𝑗]. The element 𝑤𝑖𝑗 = 1 for regions 𝑖 and 𝑗 that are 

adjacent, and 𝑤𝑖𝑗 = 0 for regions that are not adjacent [18]. The matrix 𝐷 is a diagonal matrix whose elements 

contain the number of neighbors for each region. 

The matrix 𝑄 is known as the Laplacian matrix and describes the spatial dependency structure between 

regions [25]. This matrix is singular, so identification constraints such as the sum-to-zero constraint are required 

for the model to be well-defined [26]. 

 

2.6 Multicollinearity Test 

A multicollinearity test is used to determine whether there is a strong linear relationship among the 

independent variables. One method for detecting multicollinearity is the Variance Inflation Factor (VIF), which is 

expressed as 

𝑉𝐼𝐹𝑖 =
1

1 − 𝑅𝑖
2 , 𝑖 = 1,2, … , 𝑝 (6) 

where 𝑅𝑖
2 is the coefficient of determination for the regression of the independent variable 𝑋𝑖 on all other 

independent variables. If 𝑉𝐼𝐹 < 10, there is no serious multicollinearity and conversely, if  𝑉𝐼𝐹 ≥ 10, high 

multicollinearity occurs, which can affect the stability of the model parameter estimates [27]. 
 

2.7 Spatial Autocorrelation Test 

The Moran’s I is used to detect the presence of global spatial autocorrelation, which is the relationship 

between the value of a variable in one area and the value of the same variable in a neighboring area [28]. This 

measure takes into account the elements of the spatial weight matrix 𝑊 = [𝑤𝑖𝑗] which describes the proximity 

relationships between areas. Moran’s I is expressed as 

𝐼 =
𝑛

∑ ∑ 𝑤𝑖𝑗
𝑛
𝑗=1

𝑛
𝑖=1

⋅
∑ ∑ 𝑤𝑖𝑗

𝑛
𝑗=1

𝑛
𝑖=1 (𝑥𝑖 − 𝑥̅)(𝑥𝑗 − 𝑥̅)

∑ (𝑥𝑖 − 𝑥̅)2𝑛
𝑖=1

(7) 
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where 𝑛 is the number of spatial units, 𝑥𝑖 is the variable data for region 𝑖, 𝑥𝑗  is the variable data for region 𝑗, 𝑥̅ is 

the mean value of the HDI variable across all regions, and 𝑤𝑖𝑗  is the weight matrix element between regions 𝑖 and 

𝑗.  

The Moran’s I value is interpreted by comparing 𝐼 with its expected value 𝐼0. If 𝐼 > 𝐼0the data exhibits 

positive autocorrelation. If 𝐼 < 𝐼0, the data exhibits negative autocorrelation, indicating that regions with different 

values are adjacent. The expected value of the Moran’s Index under conditions where there is no spatial 

autocorrelation is written as 𝐼0 = −
1

𝑛−1
. 

2.8 Model Evaluation 

The MLR model with a spatial Bayesian ICAR approach is evaluated using Pareto smoothed importance 

sampling leave-one-out cross-validation (PSIS-LOO). PSIS-LOO computes the expected log predictive density 

(ELPD), which reflects the model’s ability to predict new data based on the posterior distribution through a leave-

one-out cross-validation (LOO-CV) approach without re-estimating the model. According to Vehtari et al. [29], 

PSIS-LOO is defined as 

eldp̂LOO = ∑ log (
∑ wi

(𝑠)𝑝(yi|𝜃
(𝑠))S

s=1

∑ wi
(𝑠)S

s=1

)

n

i=1

(8) 

where wi
(s) denotes the importance sampling weights stabilized using a Pareto distribution, yi represents 

the i-th observation, 𝜃(s) is the s-th sample from the posterior distribution of the model parameters, and S is the 

number of posterior samples. The Pareto diagnostic parameter k is obtained from the Pareto smoothing of the 

importance weights and is used to assess the quality of the estimation. A value of k < 0.7 indicates reliable 

estimation, whereas k ≥ 0.7 suggests potential instability in the computation. 

2.9 Data and Analytical Steps 

The data used in this study are presented in Table 1. These are secondary data obtained from the Central 

Java Provincial Statistics Agency and cover 29 regencies and 6 cities in Central Java Province. HDI values are 

categorized according to the Central Statistics Agency’s classification, namely the low category (HDI < 60), 

medium category (60 ≤ HDI < 70), high category (70 ≤ HDI < 80), and very high category (HDI ≥ 80). 

Table 1. Response and predictor variables in the research data 
Variable Description Type Category 

𝑌 Human Development Index Nominal 

0 = low 

1 = medium 

2 = high 
3 = very high 

𝑋1 Life expectancy Ratio  

𝑋2 Average years of schooling Ratio  

𝑋3 Expected years of schooling Ratio  

𝑋4 Per capita expenditure Ratio  

𝑋5 Percentage of the poor population Ratio  

𝑋6 Open unemployment rate Ratio  

𝑋7 Healthcare workers per 10.000 population Ratio  

The research steps are outlined as follows: 

1. Categorizing the HDI response variable and conducting descriptive statistics to describe the data 

characteristics. 

2. Detecting multicollinearity among predictor variables using VIF. 

3. Testing spatial autocorrelation using Moran’s Index based on the spatial weights matrix of regional 

adjacency. 

4. Constructing an MLR model with a spatial Bayesian approach using the ICAR prior. 

5. Estimating model parameters using the MCMC method with the NUTS algorithm and assessing 

convergence. 

6. Finalizing the MLR model with a spatial Bayesian ICAR approach on HDI data in Central Java Province. 

7. Evaluating the model using PSIS-LOO. 
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3. RESULTS AND DISCUSSION 

  This section presents the results of the HDI data analysis in Central Java Province using a spatial Bayesian 

MLR model with an ICAR prior. The analysis includes data categorization and descriptive statistics, 

multicollinearity testing, spatial autocorrelation testing, the spatial Bayesian ICAR MLR model, model 

implementation, model estimation, and model evaluation. 

3.1. Data Categorization and Descriptive Statistics 

To obtain an initial overview of the characteristics of the data used in this study, a descriptive analysis 

was conducted on the observed variables. The research data covers 35 districts/cities in Central Java Province in 

2024, with the HDI category as the response variable. Based on the classification used, the study areas were divided 

into three HDI categories: medium, high, and very high; the low HDI category was not found in the observed data. 

The relationship between the predictor variables and the HDI categories was analyzed using a boxplot shown in 

Figure 1. 

 

Figure 1. Boxplots of predictor variables by HDI category: (a) life expectancy (𝑋1) and average years of schooling 

(𝑋2); (b) expected years of schooling (𝑋3) and per capita expenditure (𝑋4); and (c) percentage of the poor 

population (𝑋5), open unemployment rate (𝑋6), and ratio of health workers per 10,000 population (𝑋7). 

Based on Figure 1(a), variable 𝑋1 shows an increase in the median from the medium HDI category to the 

very high HDI category. This indicates that regions with higher levels of human development have higher life 

expectancy. Variable 𝑋2 also follows the same pattern, with the median in the very high HDI category being 

significantly higher than that of the other categories. This indicates that the level of education in a population has 

a strong correlation with an increase in the HDI value. 

In Figure 1(b), variable  𝑋3 shows that the highest median value is found in the “very high” HDI category. 

This indicates that regions with longer educational opportunities have higher levels of human development. 

Variable 𝑋4 also shows that the level of economic well-being is positively correlated with an increase in the HDI. 

Variable 𝑋5 in Figure 1(c) shows an opposite pattern. The median percentage of the poor population is 

higher in the medium HDI category and decreases in higher HDI categories. This indicates that regions with lower 

poverty rates tend to have higher levels of human development. In general, variable 𝑋6 shows a higher median in 

the medium HDI category compared to other categories. This suggests that the unemployment rate may be one of 

the factors related to the level of human development in a region. Additionally, variable 𝑋7 reveals differences 

across HDI categories. The median in the very high HDI category is significantly higher than in the other 

(a) (b) 

(c) 
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categories. This indicates that regions with greater availability of healthcare personnel tend to have higher levels 

of human development. 

3.2. Multicollinearity Test 

The multicollinearity test is used to determine the presence of strong linear relationships among predictor 

variables. The multicollinearity test was conducted using the VIF, calculated based on Equation (6). A 𝑉𝐼𝐹 > 10 

indicates the presence of high multicollinearity. The VIF calculations for all initial predictor variables are shown 

in Table 2. 

Table 2. VIF values for predictor variables 
Variable Description VIF values 

𝑋1 Life expectancy 4.18 

𝑋2 Average years of schooling 18.60 

𝑋3 Expected years of schooling 8.09 

𝑋4 Per capita expenditure 3.14 

𝑋5 Percentage of the poor population 2.04 

𝑋6 Open unemployment rate 2.19 

𝑋7 Healthcare workers per 10.000 population 3.58 

Based on Table 2, variable 𝑋2 has a 𝑉𝐼𝐹 > 10 specifically 18.60 indicating a high degree of 

multicollinearity with the other predictor variables. This is because variable 𝑋2 has a strong relationship with 

variable 𝑋3 , both of which represent the education dimension in the formation of the HDI. To address the 

multicollinearity issue, variable 𝑋2 was excluded from the model due to its high VIF value, and the VIF values for 

the remaining predictor variables were recalculated. 

Table 3. VIF values resulting from variable reduction 
Variable Description VIF values 

𝑋1 Life expectancy 3.73 

𝑋3 Expected years of schooling 4.19 

𝑋4 Per capita expenditure 2.68 

𝑋5 Percentage of the poor population 1.97 

𝑋6 Open unemployment rate 2.10 

𝑋7 Healthcare workers per 10.000 population 2.08 

The results of the VIF recalculation in Table 3 show that all variables have 𝑉𝐼𝐹 < 10, indicating that 

there is no serious multicollinearity in the model. Therefore, all six predictor variables were included in the 

modeling stage, and the education variable in the model is represented by the expected years of schooling variable, 

which captures the education dimension in the HDI category analysis. 

3.3. Spatial Autocorrelation Test 

The spatial autocorrelation test was conducted using the Moran’s I index, as described in Equation (7), 

by examining the global spatial correlation between variable values in one area and those in adjacent areas based 

on the spatial weight matrix 𝑤𝑖𝑗 . Based on the calculation results, the Moran’s Index value 𝐼 = 0.22 was obtained, 

with an expected value of 𝐼0 =  −0.029, a Z-score of 2.121, and a p-value of 0.025. 

The value 𝐼 > 𝐼0 indicates a tendency toward positive spatial autocorrelation, meaning that regions with 

high HDI values tend to be adjacent to regions that also have high HDI values, and conversely, regions with low 

HDI values tend to be adjacent to regions with low HDI values. Additionally, the p-value < 0.05 indicates that the 

spatial autocorrelation is significant. These results indicate the presence of spatial clustering in the distribution of 

the IPM across regions in Central Java Province, meaning that the assumption of independence between regions 

is not fully met. 

3.4. MLR Model with Spatial Bayesian ICAR Approach 

The model in Equation (1) is used as the basis for modeling the probability of HDI categories, which is 

further developed by considering spatial dependence across regions due to geographical factors. Spatial effects are 

incorporated into the model as regional random effects (𝑢𝑖) to capture variation not explained by the predictor 

variables, particularly those related to geographic interactions. With the inclusion of spatial effects, the model in 

Equation (1) becomes 
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𝑙𝑜𝑔 (
𝑃(𝑌𝑖 = 𝑗)

𝑃(𝑌𝑖 = 𝑚)
) = 𝛼𝑗 + ∑ 𝛽𝑗𝑘𝑥𝑖𝑘 + 𝑢𝑖

𝑝

𝑘=1

, 𝑗 = 1,2, … , 𝑚 − 1 (9) 

where 𝑌𝑖 represents the HDI category for the i-th region, 𝑥𝑖𝑘 denotes the predictor variables, 𝛼𝑗 is the 

intercept, 𝛽𝑗𝑘 are the regression coefficients, and 𝑢𝑖 represents the spatial random effect. 

3.5. Model Implementation 

The model in Equation (9) is applied to HDI data in Central Java Province, consisting of 35 districts/cities, 

with the response variable defined as HDI categories and predictor variables selected based on multicollinearity 

testing. Spatial relationships are modeled using the W and L matrices within a Bayesian framework. The very high 

HDI category (category 3) is used as the reference, so parameter interpretation is conducted as a comparison 

relative to this category. 

3.5.1. Estimation of Intercept and Coefficient Parameters 

Parameter estimation in the model is carried out using a Bayesian approach through the MCMC method 

with the NUTS algorithm. The estimation process involves drawing samples from the posterior distribution in 

Equation (4). The resulting posterior samples are then used to draw conclusions regarding the model parameters. 

a) Convergence Evaluation and Posterior Density of Model Parameters 

MCMC convergence evaluation is performed using trace plots to assess the stability of the 

Markov chains during the simulation process. The trace plot visualization is presented in Figure 2. Based 

on Figure 2(a), the trace plots of parameters 𝛼1 and 𝛼2 show stable fluctuations around their mean values 

throughout the iterations without any systematic trend. The parameter values are randomly distributed 

around their central values, indicating that the Markov chains have reached stationarity and the sampling 

process has converged. 

Figure 2. (a) Trace plots of parameters 𝛼1 (red) and 𝛼2 (blue); (b) trace plot of parameter 𝜎𝑢 (green) 

In Figure 2(b), the trace plot of parameter 𝜎u also exhibits consistent random fluctuations without 

any particular trend. This indicates that the Markov chain for 𝜎u has converged and produces stable 

posterior samples. Further evaluation is conducted by examining the posterior density as shown in Figure 

3. 

 
 (a) (b) 

(a) (b) 
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Figure 3. (a) Posterior density of parameters 𝛼1 (red) and 𝛼2 (blue); (b) posterior density of parameters 

𝜎𝑢 (green) 

 

Figure 3(a) shows that the posterior densities of parameters 𝛼1 and 𝛼2 are unimodal. Parameter 𝛼1 has a 

mean of approximately −0,88 with a 95% credible interval in the range [−2,29; 0,57], while parameter 𝛼2 

has a mean of approximately 2.49 with a 95% HDI in the range [1,36; 3,56]. In Figure 3(b), the posterior 

density of parameter 𝜎𝑢 lies entirely in the positive domain and is slightly right-skewed. The posterior 

mean of 𝜎𝑢 is 0.38 with a 95% HDI in the range [0,01; 0,88]. This indicates the presence of spatial effect 

variation across regions with a level of uncertainty within this range. 

 

b) Estimation Results of Intercept and Regression Coefficients 

The model parameters are estimated using 2024 HDI data along with seven predictor variables 

in Central Java Province. The estimation results, standard deviations, 95% credible intervals (HDI), R̂ 

values, and effective sample size (ESS) are presented in Table 4. 

Table 4. Estimation Results of the Spatial Bayesian ICAR MLR Model Parameters 

Parameters Mean Standard Deviation 95% HDI 𝑅̂ ESS 

𝛼1 -0.8826 0.7605 [-2.2931; 0.5679] 1.0003 16760.8377 

𝛼2 2.4940 0.5795 [1.3647; 3.5634] 1.0001 16592.4586 

𝑋1.1 -0.2929 0.7447 [-1.6702; 1.1187] 1.0001 18209.4831 

𝑋1.3 -0.9794 0.7867 [-2.4652; 0.4924] 1.0001 17838.1685 

𝑋1.4 -0.6853 0.8058 [-2.1942; 0.8059] 1.0001 16941.0816 

𝑋1.5 0.9711 0.7293 [-0.4164; 2.3252] 1.0003 17737.9387 

𝑋1.6 0.6766 0.6929 [-0.6497; 1.9509] 1.0000 17359.5373 

𝑋1.7 -0.3091 0.8162 [-1.8214; 1.2101] 1.0002 17273.2970 

𝑋2.1 -0.3238 0.6858 [-1.6095; 0.9639] 1.0000 17814.1139 

𝑋2.3 -0.6315 0.6777 [-1.8747; 0.6599] 1.0002 17233.6431 

𝑋2.4 -0.3982 0.6635 [-1.6781; 0.8151] 1.0001 18061.1092 

𝑋2.5 -0.2028 0.6377 [-1.3665; 1.0183] 1.0002 16666.5437 

𝑋2.6 -0.4924 0.6269 [-1.6486; 0.7002] 1.0003 17951.2702 

𝑋2.7 -1.2278 0.7053 [-2.5570; 0.0709] 1.0002 16750.9814 

𝜎𝑢 0.3793 0.2757 [0.0064; 0.8763] 1.0064 411.2164 

Based on Table 4, parameter 𝛼2 has a positive value with a 95% HDI that does not include zero, 

indicating that it serves as a clear separator between the high and very high categories. In contrast, 

parameter 𝛼1 has an HDI interval that includes zero, suggesting no significant difference between the 

medium and very high categories.  

For the predictor parameters, all 95% HDI intervals still include zero. In the comparison of 

category 1 to the reference category, the HLS and PPK variables show relatively stronger negative effects, 

indicating that increases in these variables tend to reduce the probability of being in the medium HDI 

category. Conversely, PPM and TPT show positive effects, implying that increases in poverty and 

unemployment raise the likelihood of being in that category. In the comparison of category 2 to the 

reference category, all coefficients are negative, with the strongest effect coming from the health 

workforce ratio. This suggests that improved availability of health personnel plays an important role in 

increasing the likelihood of regions achieving the very high HDI category. Education and unemployment 

variables also contribute in the same direction. 

The spatial effect parameter indicates the presence of spatial dependence across regions, with 

𝜎𝑢 equal to 0.3793 and a 95% HDI entirely in the positive domain, confirming the presence of spatial 

influence in the model. R̂ values close to 1 for all parameters indicate that the MCMC process has 

converged and the parameter estimates are stable. Additionally, high ESS values for most parameters 
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indicate good estimation precision, although the ESS for the spatial effect parameter is relatively lower 

but still within an acceptable range. 

 

3.5.2. Estimation of Spatial Effect Parameters 

To examine spatial variation not explained by the predictor variables in the model, the posterior values of 

the spatial effects (𝑢𝑖) obtained from the spatial Bayesian model with an ICAR prior are mapped. The visualization 

of these spatial effects is presented in Figure 4. 

 

Figure 4. Spatial Effects Map (𝑢𝑖) of the Spatial Bayesian ICAR Model on HDI in Central Java Province 

Based on Figure 4, there is spatial variation in effects across districts/cities in Central Java Province after 

controlling for predictor variables in the model. The values of uᵢ represent the deviation of each region from the 

global mean, where positive values indicate a tendency toward relatively higher HDI, while negative values 

indicate the opposite. Regions with the highest positive spatial effects are Wonogiri Regency, followed by 

Karanganyar Regency and Surakarta City, suggesting the presence of additional factors beyond the model that 

contribute to higher HDI. Conversely, the lowest negative spatial effects are observed in Tegal Regency, Tegal 

City, and Brebes Regency, indicating relatively lower HDI levels. However, all 95% credible intervals (HDI) still 

include zero, implying that the spatial effects for each region are not statistically significant. Nevertheless, the 

variation in 𝑢𝑖 values indicate the presence of spatial dependence structures across regions captured by the ICAR 

model. 

3.6. Model Estimation 

The parameter values in Table 4 are substituted into the model to obtain the final model representing the 

relationship between predictor variables and the response while accounting for spatial effects across regions. The 

spatial Bayesian ICAR MLR model for HDI data in Central Java Province, for category 1 relative to the reference 

category, is expressed as follows 

𝑙𝑜𝑔 (
𝑃(𝑌𝑖 = 1)

𝑃(𝑌𝑖 = 3)
) = −0.8826 − 0.2929𝑋1𝑖 − 0.97945𝑋3𝑖 − 0.6853𝑋4𝑖 + 0.9711𝑋5𝑖 + 0.6766𝑋6𝑖

− 0.3091𝑋7𝑖 + 𝑢𝑖 , 

 

(10) 

while for category 2 relative to the reference category, it is expressed as follows 

𝑙𝑜𝑔 (
𝑃(𝑌𝑖 = 2)

𝑃(𝑌𝑖 = 3)
) = 2.4940 − 0.3238𝑋1𝑖−0.6315𝑋3𝑖 − 0.3982𝑋4𝑖 − 0.2028𝑋5𝑖 − 0.4924𝑋6𝑖

− 1.2278𝑋7𝑖 + 𝑢𝑖. 

 

 

(11) 
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The value of 𝑢𝑖 represents the spatial effect based on the ICAR prior, which accounts for spatial dependence across 

regions. Model interpretation is conducted using the odds ratio (OR). An OR > 1 indicates an increased likelihood 

relative to the reference category, while an OR < 1 indicates a decreased likelihood. 

For category 1 relative to the reference category, the percentage of poor population (𝑋5) nd the open 

unemployment rate (𝑋6) increase the probability of being in the medium HDI category. In contrast, mean years of 

schooling (𝑋3), per capita expenditure (𝑋4), life expectancy (𝑋1), and the health workforce ratio (𝑋7) tend to reduce 

this probability. For category 2 relative to the reference category, all variables have OR < 1 indicating a tendency 

to decrease the likelihood of being in the high HDI category compared to the very high category. The health 

workforce ratio (𝑋7) has the strongest effect in driving the shift toward the highest HDI category. Overall, socio-

economic variables such as poverty and unemployment increase the likelihood of being in lower HDI categories, 

while variables related to education, expenditure, and health workforce availability contribute to improvements 

toward higher HDI categories. 

3.7. Model Evaluation 

Model evaluation is conducted using PSIS-LOO to assess the predictive performance of the model on 

new data. Based on the calculation in Equation (8), the values obtained are 𝑒𝑙𝑑𝑝𝑙𝑂𝑂= −11, 49 and 𝑝𝑙𝑂𝑂 = 3, 70. 

The Pareto k diagnostic results show that all 35 observations fall within the good category k ≤ 0, 7 indicating that 

the PSIS-LOO estimation is stable and reliable. No Pareto k values greater than 0.7 are observed, suggesting that 

there are no observations with an extreme influence on the model. 

4. CONCLUSION 

Based on the results of the study, the MLR model with a spatial Bayesian ICAR approach applied to HDI 

data in Central Java Province indicates that most predictor variables are not statistically significant, as their 95% 

credible intervals still include zero, although the direction of the coefficients reflects relationships between socio-

economic factors and HDI categories. In addition, the estimated spatial effects reveal variation across regions, 

indicating differences in regional characteristics that are not fully explained by the variables in the model. This 

finding is supported by the spatial autocorrelation test results, which show that neighboring regions tend to have 

similar HDI levels. 
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