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Abstract: We study integer eigenvectors and subeigenvectors in min-plus algebra by adapting theoretical results
from max-plus algebra. Min-plus algebra is a commutative semiring with addition a @’ b = min(a, b) and
multiplication a @' b = a + b. An eigenvector of a matrix A with respect to a scalar A is a vector x satisfying
the equation A Q" x = 1 @' x. Similarly, a subeigenvector of A with respect to 4 is a vector x satisfying the
inequality A ®' x = 2 Q' x. In this paper, we focus on solutions where these vectors consist entirely of integers.
We first provide the exact mathematical criteria for integer subeigenvectors to exist. We show that this existence
depends on the principal eigenvalue of a scaled and rounded matrix, which is determined by the minimum average
circuit weight of its associated graph. If the condition is satisfied, we can explicitly describe the complete set of
these subeigenvectors. Secondly, we establish that an integer eigenvector can only correspond to the principal
eigenvalue of the matrix. Finally, we demonstrate that determining an integer eigenvector is equivalent to finding
an integer image in a column space, which can be solved using an iterative algorithm.
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1. INTRODUCTION

Max-plus algebra is the foundation for modeling discrete event systems, with system stability
represented by the eigen equation A @ x = 1 @ x [1]. The versatility of max-plus algebra has been extensively
demonstrated in modeling and optimizing various discrete event systems [2]-[4]. In practical scenarios, this
algebraic framework is highly effective for solving complex optimization problems, such as manufacturing
systems [5], [6] and railway timetable stability [7]. Furthermore, the evolution of this theory has expanded into
broader control systems and model predictive control [8], [9], proving its significance in modern engineering
[10], [11]. In recent years, advanced studies have explored the spectral elements and numerical computations of
tropical eigenvalues [12], [13], as well as their extremal properties in tropical optimization [14], [15].

The demand for discrete variables in practical applications has triggered the formulation of criteria for
integer eigenvectors and subeigenvectors within this structure, as explored in max-linear systems [16], [17]. As
its dual, min-plus algebra [18], [19] is used to solve minimization problems [20]-[22]. Despite the advancements
in continuous frameworks, finding discrete or integer solutions remains a challenging necessity for real-world
resource allocation and scheduling [23], [24].

This article aims to adapt the existence criteria and describe the solution sets of integer eigenvectors
and subeigenvectors from max-plus algebra [17] into the min-plus algebra framework. The proposed approach
formulates the discrete solutions criteria and proves them mathematically. The innovation of this research lies in
establishing the main necessary and sufficient conditions for the existence of integer subeigenvectors and
eigenvectors specifically in min-plus algebra, and proposing an algorithmic approach to find the integer image
in the column space of the critical matrix.

2. THE COMPREHENSIVE THEORETICAL BASIS
Min-plus algebra R,in = (R./,P’,&Q") is a commutative idempotent semifield over the set R, = R U
{+0}, where the minimum operation (@) has the identity ¢’ = +co and addition (') has the identity 0 [21].
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Min-plus algebra can be extended to matrices with entries in the min-plus algebra. We denote the entry in the i-
th row and j-th column of matrix A by [A];;, and its j-th column by [A];. For matrices, addition is defined for

matrices of the same size, say A, B € RL*", as [A @' B];; = min{aij, bl-j}. Multiplication is defined for matrices

.....

for multiplication is denoted by I, while the matrix whose entries are all ¢’ is denoted by &’. A matrix is said to
be row (column) R-astic if each row (column) contains at least one finite element (< €’). A matrix that is both
row and column R-astic is termed doubly R-astic.

Throughout this paper, let M = {1,2,...,m} and N = {1,2,...,n}. Weighted directed graphs D, =
(N, E,w) are typically used to analyze the characteristics of min-plus matrices, where the node set is N, the edge
setis E = {(i,j) | a;; < €'}, and the edge weights are w(i, j) = a;; [25]. A path T = (vy, vy, ..., Vpyq) N Dy is
a sequence of vertices where each consecutive pair (v;, v;,) forms an edge. The length of the path 7, denoted
by (), is p, and its weight, denoted by w(r, A), is defined as w(m, A) = ¥h_, Ay, - A path with the same
w(o,A)

o) The
minimum average circuit weight, denotd by A(4) = mgin u(a, A), represents the principal eigenvalue of the
matrix [18]. A graph is strongly connected if there is a path from any node to any other node. Matrix A is called
irreducible if its associated graph (D,) is strongly connected. Matrix A is called definite if A(A) = 0, and strongly
definite if it is definite and its main diagonal entries are entirely 0. Algebraically, the minimum weight among
all paths of length k from node i to node j is represented by the matrix power [A"]i]- [18].

starting and ending node is called a circuit. The average weight of a circuit o is defined as (o, A) =

Theorem 2.1 ([18]). Let A € ]RQ,X”. If the average weight of every circuit in D, is not less than zero, then for
everyintegerm >n, A =A@ A2 Q - =AQ A>Q® - ® A™ holdsand A* € R

From this result, the matrix A* is defined as I @' A*, with I being the identity matrix. Furthermore, a vector x €
R} (x # ¢') is called an eigenvector of A with respect to the eigenvalue 1 if AQ ' x =1Q®'x and a
subeigenvector if A ®' x = 1 ®" x. The search for these involves the scaled matrix 4; = 2(4)~* ®’ A and the
critical nodes of the graph:

Definition 2.2. Given a matrix A € R/, we denote
Ne(A)={i€N3o=(>=i,.., i) €D, with A(A) = u(o, A)}.

The elements of N.(A) are called the critical nodes of matrix A.

Theorem 2.3 ([18]). Let the matrix A € ]RQ,X" and A1(A) < &'. Then A(4) is the eigenvalue of A and the column
[43],, is the eigenvector corresponding to 1(A) for eachn € N¢(4).

Definition 2.4. Let A € R%", A(4) < &', and N¢(A) = {iy, iy, ..., i }. The critical columns matrix is defined as

I I I
A, =4, [43, - [A;lIik :
I I I

Furthermore, the algorithmic approach to finding an integer image relies on the foundational theory of
min-linear system A @' x = b.

Definition 2.5. Let A € R7/*" be column R-astic and b € R™. The principal solution of the system A @' x = b
is denoted by x(4, b) and is defined by [x(4, b)]; = — r,rézl(aij — b;) foreachj € N.
L

Theorem 2.6 ([19]). Let A € R7™" be column R-asticand b € R™. Then A @' x > b ifand only if x > X (4, b).
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Theorem 2.7 ([19]). Let A € ]RZ%X" be column R-astic and b € R™. Then the system of linear equations
A ®' x = b has a solution if and only if x(4, b) is a solution.

3. METHOD

This research is a theoretical study utilizing a literature review method and mathematical deductive
proofs. The research stages focus on adapting the concepts of discrete eigenvectors and subeigenvectors from
max-plus algebra to the min-plus algebra framework, formulating existence criteria and proving theorems, as
well as formulating and analyzing the convergence of the algorithm for computing matrix solution spaces.

4. RESULTS AND DISCUSSION
For any matrix A € R;" and scalar 2 € R, we denote

VAN ={xeER"|AQ x=1Q"x}, VAN ={xeER"|AQ x=>1Q"x},
V(A1) =V(4,) Nz IV*(4,0) =V*(4, 1) NI

4.1. INTEGER SUBEIGENVECTORS
The following basic properties are required as a foundation for proving the subsequent propositions.

Lemma4.l. IfA € RZ}X" is a row R-astic matrix and x € R"®, then 4 ®’ x is finite.

Proof. LetA € ]RZ,‘X" be row R-astic and x € R™. Since 4 is row R-astic, for each i € M there exists k € N such
that a;;, < &'. Since x is finite, x;,, < &’ foreach k € N. Thus, foreachi € M, [A ®' x]; = rknil{}(aik +x,) < €.
€

Therefore, A @' x is finite. [

Lemma4.2. Let A € Rl and k € N.
(i) Itholds that

IO A =IO AD A - A (4.1)
(i) Foreachx e R, ifA® x = xthen A* ® x = x.

Proof. (i) Clearly, (4.1) is true for k = 1. Now assume (I @' A)! =1 D' A @' A> @' --- @' A’. Then, by the
distributive and idempotent properties of matrices, we obtain

I A= A'RQXUD A
IQADAD D AR UD A
IO AP AP D AR IO UDAD AP D AR A
=(QAD LD O AND UDAD D & A
=IDAD A2D - @ AL
Thus, it is proven by mathematical induction.
(ii) Assume A ®' x = x for any x € RY. It is clear from the assumption that A* @ x = x. Assume
AR x=xthenAd" @ x=UAR AR x=4"QR (AR x) =A"® x = x. Therefore, it is proven by
mathematical induction. ™

Lemma4.3. LetA € R™, A(A) = 0, and k € N, then (4*)* = A"

Proof. By using Theorem 2.1, the distributive property, and the idempotent property, we obtain

AQA=(18'A4A)RQ U A"
=@ AQ D ANQ UDAD - D" A")

841

IN-COME: International Conference on Multidisciplinary Engagement



IN-C¢.:ME

1st International Conference on Multidisciplinary Engagement

=D AD .. 4>

=@ A)

= A"
For k = 1, it is clear that (4")¥ = (4")* = A*. Now, assume (A*)* = A* for k = [. Note that for k = [ + 1, it
holds that (4*)* = (A" = (4")!' ® 4" = A* ®' A* = A*. Hence, the lemma is proven by mathematical
induction. [ ]

Once these basic properties are established, we can determine the existence criteria and the form of the
solution for finite subeigenvectors.

Proposition 4.4. Let A = (a;;) € R% ™ and A # ¢'.

i) HFA® x=21Q' x hasafinite solution, then A < A1(4) and 1 < ¢'.

(i) FA<A(A)andA<e thenV*(41) ={(A'® 4) ® ulueR"}.

@iii) FA<A@andA< e thendAQR@ x> 1R x=ox=A1"1QR 4" ® u,u € R

Proof. (i) Assume A ®' x > 1 ®’ x,x € R™ This means that for each i € N, meilgl(a,-j +x;) = A+ x; holds, or
J

a;; +x; = A+ x; for each i,j € N. Since A # &', then 1 < ¢'. If A(4) = &, then 1 < A(A). Now suppose
A(A4) < &' then D, contains a circuit. Let 0 = (iy, ..., i, ix41 = i1) be any circuit in D,. Then

ailiz + xiz >+ xil
ai2i3 + xi3 > 1+ Xiz

aikil + xil > 1+ xik'

Summing these inequalities and simplifying gives A < (a;,s, + @y, +... +a;_5, + @iy, )/k = 1(0,4),50 2 <
main u(o, A) = 2(A). Conversely, assume 1 < A(4) and 1 < £, then A(A71 ®' A) < 0 and take u € R™. It will
be shown that x = (17! ®’ 4)* @' u satisfies A ® x > 1 @' x and x € R™. Since (1™ @' A)* < Ithenx <
u and thus x € R™. On the other hand, 1™' ® A @ x= (11 QR ANV’ @ u=1"1R A R u=x
from Lemma 4.3. Therefore, 171 @ A) ® x> (11 Q' A)* @ x =xsothat AQ x > 1 Q' x.

(i) Assume A <A(4),1<¢ and AQ x=>1® x, x € R, then (171 ®' 4) ® x = x which
implies x@®' A'T® A x=x. Thus, (D'1'® AR x=x, so from Lemma 4.2,
IP'A7TR® A™"Q® x=x. From Theorem 2.1 and Equation 4.1, we obtain (17! ® 4)*® x =
I 1T ® A" Q' x = x. The rest of the proof follows the second part of the proof for (i).

(iii) The proof is the same as in part (ii) except for the reasoning that x € R™. ]

Hereafter, we denote Z,» = Z U {¢'}. Note thatif A = 0 and A € ZI7", then (A™! ®" A)* € Z_/™. Thus,
specifically for matrices with integer entries, the criterion can be simplified as follows.

Corollary 4.5. 1f A € ZZ,X", then A ®' x = x has a finite solution & A @’ x = x has an integer solution.

Next, the following theorem provides the main necessary and sufficient condition for the existence of
an integer subeigenvector, and describes the form of the solution.

Theorem 4.6. Let A € R7/™, 1 € R.
() IV*(4,2) # @ ifandonly if A(JA~* @' A]) = 0.
(i) 11V (A1) # 0, then V(A1) = {1 QA" ® z |z € Z"}.

Proof. Assume that x € IV*(4, 1). Using the fact that x; € Z for each i, we obtain

AR x=1Q" x
o MR AR x=>x
e (Vi,jeEN)x —x <217 Q' a;
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e (VijeNx —x < |17 ® a;

o 1M AR x = x.
Thus, the subeigenvector of A corresponding to A is exactly the integer subeigenvector of |17 ®' A| € ZZ,X”
corresponding to 0.

(i) Now, from Proposition 4.4, the integer subeigenvector of [171 ®’ 4] € ZZ,X" correspondingto A =
0 exists if and only if (]2~ ®' A]) < 0. Furthermore, [17! ®’ 4] € Zl},x” so according to Corollary 4.5, it is
concluded that a finite subeigenvector exists if and only if an integer subeigenvector exists.

(i) If a finite subeigenvector exists, then from Proposition 4.4 we obtain V*(]17* ®' A],0) =
{17 ® A" ® u | u € R"}. However, since |71 ®’ A] is an integer matrix, [~ ®' A]* is also an integer
matrix, meaning that all integer subeigenvectors can be described by taking the min-combination of the columns
of [A71 ®’ A]* with integer coefficients. Note that integer vectors might be formed from the min-combination
of integer columns of a matrix with real coefficients, but only if the real coefficients correspond to inactive
columns. However, any integer vector formed in this way can be formed using integer coefficients, for example,
by applying the ceiling function to its coefficients. Thus, it is sufficient to take only integer coefficients. [

4.2. INTEGER EIGENVECTORS
Turning to the eigenvector problem, the following proposition asserts the uniqueness of the eigenvalue
for a finite eigenvector.

Proposition 4.7. Let A € R7™, A€ Ry,andx ER™. IfA®'x = 1 ®' x, then 1 = A(A).

Proof. Let A€ R, x e R, A€ER, and A® ' x =21 @' x. If A =¢', then the left side of AQ' x = A1 @ x is
&' so the only satisfying value for A is &' and clearly A(4) = &’. Now assume A # &'. Then the left side of
AR ' x=2Q xisnote’, so A < &', which means D, contains a circuit. The equation A @’ x = 1 ®' x means
that for each i € N it holds that raniI?(aU + xj) =A+x;0ra;; +x; =2A+x;0ra;; —A=x; —x;foreachi,j €

N.Leto = (il,iz, v lpyr = il) be any circuit in D,. Summing the inequalities along o gives

w(o,A)

p P
D @i =D 2 ) (1, = %4,,) = 0= w(o,A) 2 p -2 = (0, 4) = >
k=1 k=1
Since o is any circuit in D, then A < min u(s, A) = A(4). Furthermore, the equation rjréil\rll(aij +x)=1+x
means that for each i € N there is an index p (i) satisfying a; ;) + xp) = 4 + x; or
aipi) — A = X — Xp(i) (4.2)
Construct a sequence of indices (iy, i,,...) with i;,.,; = p(i)) for each k. Since n is finite, the sequence must
contain a circuit, say circuit = = (ip, lps1s rlprg = ip). By summing equations (4.2) along m, we get
et N @i, — 1) =02 1= wimd) % = u(m, A). Since A(A) is the minimum average weight of all
circuits, then 1 = A(A). Therefore, it must be that 1 = A(4). [

The following algebraic property is needed to construct finite eigenvectors from the matrix Aj.
Lemma4.8. LetA € RI",A(4) < ¢'. If x € R™ is an eigenvector of A4, then 4; @' x = x

Proof. Assume 4 € R, A1(A) <&, x €R™ and A®' x =2 ®' x. From Proposition 4.7, 2 = A(A) Thus
AR x=2A)® x,504; @ x=(AA)1T®' A ® x = x. From Lemma 4.2, (4;,)* ® x = x foreach k €
N, and using Theorem 2.1 we obtain
AQx=(DAD ..0 AN Q' x
=l x)D (AR x)D .. (4" ®'x)
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=xP'xP - P'x
=x
by the idempotent property. [ ]

Based on the lemma above, finite eigenvectors can be expressed as combinations of the columns of the critical
matrix.

Proposition 4.9. Let A € R/ with 2(4) < ¢'. If x € R™ is an eigenvector of A, then

X = eaZ‘ENC(A) (xc ®’ [A;L]c)

Proof. Let A € R}, A(A) < &',x € R™ and x is an eigenvector of A. Let y = @(ey 1) (¥c ® [43]c). Then

foreachi e N, y; = Erlrvlir(xA)([Aj{]iC + x.). Since x is an eigenvector, according to Lemma 4.8, then x = 4} " x
CeENC

orx; = I}rél]gl([A;]U + x]) Note that NC(A) C N,so v = CErII\}(i;?A)([A;']iC + XC) > Bralgl]gl([A;]U + X]) = X;, giving

y = x. Now, take any index i, € N. Since x is an eigenvector, there exists an index i; € N such that x; =
[Aa]iyi, + xi,. By repeating this argument, we can construct a sequence of indices (i, iy, i,, ... ) satisfying

xik = [A)L]ikik.'_l + xik+1 (43)
Since n is finite, the sequence contains a circuit, say circuity = (ip, T ip). Summing equations (4.3)
along the circuity gives x;, —x;, = w(y,4;) = 0 = w(y, 4;). Since the circuit weight is 0, every node iny is
a critical node, iy, ip41, -, ig—1 € Nc(A). Choose a node ¢ € {ip, lp+1s ...,iq_l}. Then by constructing a path p
from i, to c and summing equations (4.3) along p, we getx;, = w(p, 4;) + x.. By definition, [43]; . < w(p, 4;)
S0 x;, = [A;];,c + xc. Since ¢ € N¢(4), the term on the right side is one of the minimized elements in the
definition of y;  so x;, = kmNin ([Aj{]iok +x) = Yi,- Since i, is any member in N, then x > y. Therefore, it

€

c(4)
must be that x = y. ]

From this decomposition, we obtain an existence criterion for finite eigenvectors that depends on the row
property of the matrix A4,.

Proposition 4.10. Let A € R77™ and A(4) < &’. Then V (4, 4) # ¢ ifand only if 2 = A(4) and 4, is a row R-
astic matrix. If V(4,A(A4)) # @, then V(4,A(4)) = {4, ® u | u € R } with 4, of size n x k.

Proof. Assume V (4, 4) # @. Then there exists x € R™ which is an eigenvector of A. From Proposition 4.7, then

A = A(A4). Next, from Proposition 4.9, x = @;ENC(A) (x. ®" [A3]c). Since x is finite, for each i € N, x; must be

finite so that er]rvliI(IA)(xc &' [43]ic) < €. Thus, for each i € N there must be ¢ € N.(4) such that [4;]; < €.
CENc

According to Definition 2.4, for each ¢ € N.(A4), [4;]. is a column of A,. Therefore, 4, is row R-astic.
Conversely, assume A = A(A4) and 4, is a row R-astic matrix. From Theorem 2.3, for each j € |N.(4)], [Aa]j is

an eigenvector such that A @' A, = 1(4) @’ A,. Thus, there exists u = (0,0,...,0)T € RINc¢@l sych that v =
A; ®' u is a finite vector (according to Lemma 4.1) and satisfies

AQ v=AQ (4; @ u)=(AQ 4) Q@ u=4,Q u=".

The second part of the proof can be shown using the same argument as the previous part. ]

The following results are needed to analyze the critical node structure and guarantee boundedness of
values in the related matrices.

Proposition 4.11. Let A € R/". Then ) € N (4) < [A]],, = 0.
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Proof. Recall that A; = 1(4)™! ®' A. Then D,, has the same edge structure as D, but the weight of each edge
(i,)) is reduced by 1(A). The weight of circuit o in graph D, is w(a, 4;) = w(a, A) — (o) - A(A). Since A(A)

w(o,A) . . .
) > A(A), which implies

is the minimum average circuit weight, for each circuit o it holds that

w(o,A) — (o) -2(4) = 0.

Thus, there are no negative weight circuits in D,,. Assume n € N (A). From Definition 2.2, 7 is a critical node,
meaning n is traversed by some critical circuit, say o, which has an average weight equal to 1(4). Consequently,
u(o,A) = Wl((‘;';q) = A(4), so w(a, A) — I(0) - A(A) = 0 meaning the weight of circuit o € D, is 0. The entry
[A] 1,),, represents the minimum path weight from 7 to n with length k > 1. Since a circuit ¢ passing through 7
with weight 0 has been found, and it is known there are no negative weight circuits in D, its minimum weight
must be exactly 0. So, [A] ], = 0.

Now, assume [A}],,, = 0. This means there is some circuit o from 7 to n in D,, with total weight 0.

Thus, w(a, 4) — 1(0) - 1(4) = w(o, 4;) = 0, S0 Wl((‘;'f) = 1(A) which means ¢ has an average weight equal to
A(A). In other words, ¢ is a critical circuit. Hence, n € N.(4). ]

Thus, the matrix A, can be constructed from the columns of AF whose diagonal entries are 0. In addition, 4,
can also be formed from identical columns in A} and 4j.

Lemma4.12. Let A € R7"™" and A(4) < ¢’

(i) A4 is a column R-astic matrix.
(ii) If Aisirreducible, then A} and A4, are finite.

Proof. (i) From Definition 2.4 and Proposition 4.11, it is clear that there are 0 entries in every column of A4;.
(i) Let matrix A € ]R%Zf‘" be irreducible, which means D, is a strongly connected graph. Matrix A; =
A(4)~' ®' A. Because A(A) is finite, the scaling operation does not change the position of the ¢’ entries. That
is, [4;];; < &' ifand only if a;; < &’. Therefore, the graph structure of D, is identical to D,. Consequently, D,
is also strongly connected. Since D, is strongly connected, for every pair of nodes (i, ) there must be a path

from i to j. In other words, for each i, j € N there exists k € N such that [A’,{]i]_ < &'. From Theorem 2.1,

[A7];; = [Aa];; @' [A3);; @' - D' [A}];).
Thus [A}]i]- < &' foreach i,j € N, meaning the matrix Aj is finite. Furthermore, it is clear that the matrix 4, is
also finite because it is constructed from columns of the Aj. |

In the special case when the matrix is strongly definite, the solution structure becomes simpler because
its eigenvalue is zero.

Proposition 4.13. If A € R%™ is a strongly definite matrix, then A* = A* = 4;.

Proof. Since A € ]R:},X" is strongly definite, A(4) = 0 and a;; = 0 for each i € N. Consequently, A; = A. Take
any i € N. Note that [A*];; represents the minimum weight of paths with length k from i to i. One of the paths
with length k from i to i is (i,i,...,i) which has weight k x 0 = 0, so [4*];; < 0. On the other hand, since
A(A) = 0 the average weight of any circuit in D, > 0, meaning the total weight of any circuit > 0. That is,
[A¥]; = 0. Thus [A¥]; =0 so [AT];=[A@ A2@ - @ A"]; = [Al; @' [4*]; @'.. @ [A"]; = 0.
Therefore, A* = 4, and

0D [A*];=0@' 0=0if i=j

[A*]ij = [1 @1A+]ij = {SI @/ [A+]ij — [A+]ij if i # j_ [A+]ij u
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Corollary 4.14. If A'is a strongly definite matrix, then V(4,0) = V*(4, 0).
Proof. Proved directly from Propositions 4.4 and 4.10. [ ]

Based on Proposition 4.7, [V (A, 1) # @ only if A = A(A4). Thus, without loss of generality, IV(A,A(A))
is denoted as IV (4). From Theorem 4.6 and Corollary 4.14, the solution to the integer eigenvector problem for
strongly definite matrices can be obtained.

Corollary 4.15. Let A € R/ be a strongly definite matrix.
(i) IV(A) = @ifandonlyif A(JA]) = 0.
(i) IFIV(A) = @then IV(A) = {|AI'® z|z€Z"}.

Proof. Let4 € IR:},X" be a strongly definite matrix. From Corollary 4.14, it is known that V(4,0) = V*(4, 0), so
IV(A) = IV(4,0) =V(4,0) NZ" =V*(4,0) N Z" = IV*(4,0). (i) Assume IV(A) = IV*(4,0) # @. From
Theorem 4.6, it is obtained that A(|A]) = 0. On the other hand, it is clear that A > | A]. Since A(-) is monotonic,
A(A) = A(JA]). Then, since A is strongly definite, 1(A) =0 meaning 0 > A(]A]). Thus, A(]A]) = 0.
Conversely, directly from Theorem 4.6, A(|A]) = 0 = A(JA]) < 0= IV*(4,0) # Q.

(if) From Theorem 4.6, IV(A) = IV*(A4,0) = @ = IV(A) = IV*(4,0) = {|A]* ®' z|z € Z"}. [ ]

Next, the special case for integer matrices (matrices over Z,) is examined.

Proposition 4.16. Let A € ZZ,X". Then A has an integer eigenvector if and only if A(A) € Z and 4, is a row R-
astic matrix.

Proof. First assume that x € IV (A). From Proposition 4.7, it is known that the only eigenvalue corresponding to
xiSA(A). Then A ®' x = 1(A) Q' x, with the product on the left side being an integer. To ensure the right side
is also an integer, it must be that A(4) € Z. Furthermore, every integer eigenvector is a finite vector, meaning
A, is a row R-astic matrix from Proposition 4.10. Now assume that 1(A) € Z and A, is a row R-astic matrix.
Then 4, € Z}X" meaning every entry of AF, Aj, and 4, is a member of Z,. From Proposition 4.9, it is also
known that every finite eigenvector can be described as a min-combination of columns of 4,. According to
Lemma 4.1, we can pick integer coefficients to obtain an integer eigenvector of A. ]

Corollary 4.17. An irreducible matrix A € ZZ,X" has an integer eigenvector if and only if A(4) € Z.

Proof. Assume the matrix A € ZI7*" is irreducible. Since A is irreducible, according to Lemma 4.12, A, is finite,
meaning 4, is a row R-astic matrix. Subsequently, it is proven directly from Proposition 4.16. ]

However, it is worth noting that the results above do not generally apply to any arbitrary matrix A €
]R{:},X". Nevertheless, there is a necessary condition regarding matrix elements for integer solutions to exist.

Proposition 4.18. Let A € RI7™ be a matrix such that it has an integer eigenvector corresponding to an integer
eigenvalue, then A has at least one integer entry in each of its rows.

Proof. It is already known that the only eigenvalue corresponding to an integer eigenvector is A(4), and thus
from the assumption, A(4) € Z. Now suppose x € [V (A4). Then A ®" x = A(A) ®' x, with the right side being
an integer so that (Vi € N) min(a;; + x;) € Z, which implies that for each i € N there exists an index j such
that a;; € Z. L

Unfortunately, there appears to be no simple answer to determining the existence of integer eigenvectors
in general. However, Proposition 4.10 shows that this problem can be solved by looking for integer vectors in a
finitely generated subspace (namely the column space of matrix 4;).
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Now, the question of whether there exists an integer vector z in the column space of A, which will be
referred to as an integer image of A for a matrix 4 € IR%’S'}X" will be discussed. Hereafter, denoted as IIm(A4) =
{zezZ™|(3x e R%)A®' x = z}. Note that if A € R!7*" has an &’ row, then IIm(A) = @, and if Ahas an &’
column, then IIm(A) = IIm(A") where A’ is obtained from matrix A by removing the &’ column. Therefore, in
this section it suffices to review matrices that are doubly R-astic. To solve this problem, the following algorithm
is proposed:

INT-IMAGE Algorithm

Input: Doubly R-astic matrix A € R7*™ and any initial vector x® € Z™.
Output: Vector x € IIm(A) or an indication that no integer image exists.
Q)r=1.

2z=%x(4x"Y),y=4AQ z.

(3) Ify € Z™ STOP: y € IIm(A) .

() x = [y,] foreach i € M.

5) Ifxi(” > xl.(o) for each i € M STOP: No integer image exists.

6)r =r+1.Goto (2).

Note that every vector generated by the INT-IMAGE Algorithm is a finite vector because from Lemma 4.1 and
the fact that x (4, w) is finite if w is finite since A is a doubly R-astic matrix.

Lemma4.19. Let A€ R " andx,y ER}/, thenx >y 2 AQ x =2 AR’ y.

Proof. Assume A € R7*" and x,y € R7. Note that for each j € N and each i € M, it holds that

Xj = Vi
= a; + X = a;; +
= rjréiﬁ(aij +x) = ‘}é%‘(“if +y;)
5[AQ x]; = [AQ yl;.
Thus, AQ' x = A Q' y. .

Lemma 4.20. Let u € R™ be an image of a column R-astic matrix A € RZ}X", then A Q' x(4,u) = u.

Proof. Since u € R™ is an image of A € R7,*" then A ®' v = u for some v. According to Proposition 2.7,
x(A,u) isasolutionto AQ ' v=uord @ x(4,u) = u. [

Lemma4.21. Let A € R7*" be column R-astic and x,y € R™, thenx <y = A ®' x(4,x) <AQ'x(4,y).

Proof. Assume A € R77" be column R-astic, x,y € R™, and x < y. Then for each i € M and each j € N,

X =Y
=X =Y
= Qi — X 2 A — Y
= r};inf,l(atj - x;) 2 I}g\?(aw - %)
== f}éingl(aij —x;) < — gggl(aij - ¥)
so [x(4,x)]; < [x(A, y)]; from Definition 2.5. Thus, x(4,x) < x(4,y) so that A ®" x(4,x) < A®'x(4,y)
according to Lemma 4.19. ]

Based on these properties, the following is a proof that the sequence generated by the INT-IMAGE Algorithm
is non-decreasing and bounded.
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Claim 4.22. The sequence {x(r)}r:o L is a non-decreasing sequence.

Proof. Note that for each x( the algorithm attempts to solve the system of equations A ® x = x™ by
determining z = x(4, x™) which, according to Proposition 2.6, satisfies A ®’ z > x™. If equality occurs, the
algorithm stops (since x™ is an integer vector), if not, the algorithm calculates

XM =[AQ 7] 2AQ z>xM (]

Claim 4.23. If A has an integer image, then the sequence {x”} _ ' is bounded above by a vector in IIm(A).

Proof. Assume u € IIm(A). Then y @' u € 1Im(A) for each y € Z. Choose y large enoughsoy @' u > x©.
Now assume that x™ < v for some v € IIm(A). Then from Lemmas 4.20 and 4.21, we get

2D = [AQ" %(4,xM)] <[4 Q' %4, v)] = [v] = v.

Hence, the claim is proven by mathematical induction. [

Claim 4.24. If xi(r) > xi(o) for some r and every i, then A does not have an integer image.

Jon

and bounded above. However, from the proof of Claim 4.23, it can be observed that we can choose y € Z such
that: (i) y ®” u € IIm(A), (i) y ® u = x@ for each r, and (iii) there exists an i such that (y ®" u); = x .
Thus, we get xl-(O) =y ® u); = xi(r) > xi(o), which implies that the i-th entry of every x is always the same,
and therefore there is no iteration where all entries of x strictly increase. ]

Finally, the convergence of this algorithm is guaranteed by the following theorem, which also serves as the final
criterion for the existence of an integer image.

Theorem 4.25. The doubly R-astic input matrix A € RZ}X” has an integer image if and only if the sequence
{x™} _ . generated by the INT-IMAGE Algorithm is finitely convergent.

Proof. If the matrix has an integer image, then from Claims 4.22 and 4.23, the sequence {x(”}rzo1 is non-

yenn

decreasing and bounded above by some integer image x of A. Consequently, the sequence {x“)}r=01 will

converge. Furthermore, since the sequence is a sequence of integer vectors, at every step at least one entry must
strictly increase (increase by at least one) until it finally reaches the value of the corresponding x. Therefore, its
convergence must be finite.

If the sequence is finitely convergent, then there is an s such that for each r > s, x™ = x("+D,
Consequently, y =4 ®' E(A,x(s)) € Z™. Because if we suppose y & Z™, then there is an entry i of y that is

not an integer, meaning y; > x*. But if so, then x°* = [y,] > y; > x* which is a contradiction. So, it must

be that y € IIm(A). [

5. CONCLUSION

This research concludes that for a matrix A € R}X” with A # &', an integer subeigenvector
corresponding to a scalar A exists if and only if it satisfies the condition (]2~ ®’ A]) = 0. If this existence
criterion is satisfied, the solution set can be formulated as IV*(4,0) = {1 Q@ A" ®'z| z € Z"}.
Meanwhile, an integer eigenvector can only correspond to its principal eigenvalue, namely A(A). For a strongly
definite matrix A, an integer eigenvector exists if and only if A(|A]) = 0 with the solution form IV (4) =
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{1A]" ®" z | z € Z" }. On the other hand, for an integer matrix A, an integer eigenvector exists if and only if
A(A) € Z and the matrix 4, is row R-astic. In general, determining an integer eigenvector is equivalent to finding
an integer image in the column space of the matrix 4,, which can be solved using the INT-IMAGE algorithm.
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